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We investigate the quantum interference induced shifts between energetically close states in highly
charged ions, with the energy structure being observed by laser spectroscopy. In this work, we focus
on hyperfine states of lithiumlike heavy-Z isotopes and quantify how much quantum interference
changes the observed transition frequencies. The process of photon excitation and subsequent photon
decay for the transition 2s→ 2p→ 2s is implemented with fully relativistic and full-multipole frame-
works, which are relevant for such relativistic atomic systems. We consider the isotopes 207Pb79+
and 209Bi80+ due to experimental interest, as well as other examples of isotopes with lower Z,
namely 141Pr56+ and 165Ho64+. We conclude that quantum interference can induce shifts up to 11%
of the linewidth in the measurable resonances of the considered isotopes, if interference between
resonances is neglected. The inclusion of relativity decreases the cross section by 35%, mainly due
to the complete retardation form of the electric dipole multipole. However, the contribution of the
next higher multipoles (e.g. magnetic quadrupole) to the cross section is negligible. This makes the
contribution of relativity and higher-order multipoles to the quantum interference induced shifts a
minor effect, even for heavy-Z elements.
PACS numbers: 32.70.Jz, 32.10.Fn, 32.80.Wr, 32.90.+a, 31.15.aj
I. INTRODUCTION
In the near future , the Facility for Antiproton and Ion
Research FAIR (located in Darmstadt, Germany) will
allow lithium-like ions to be accelerated to relativistic
speeds (reduced velocity of β ≈ 0.9964) at the heavy-
ion ring-accelerator SIS100 [1–3]. Atomic excitations of
HCI that are within the UV and soft x-ray range in the
mass rest frame, such as the 2s1/2 → 2p1/2,3/2, can thus
be measured by optical lasers in a collinear geometry,
due to the relativistic Doppler effect. Additionally, in-
tense soft x-ray light sources are currently being devel-
oped for experiments at ion storage ring, which may even
allow to address the 2s1/2 → 2p3/2 transition in Li-like
uranium via laser spectroscopy [4]. Such measurements
of 2s1/2 → 2p1/2,3/2 transitions can give further insight
about the recent and significant discrepancy (7σ) ob-
served in the ground-state hyperfine splitting of H-like
and Li-like bismuth [5].
One systematic effect in laser spectroscopy, which has
been recently investigated in neutral atoms, is the in-
duced shifts by overlapping resonances, often referred
∗pdamaro@fct.unl.pt
as quantum interference (QI). As pointed in the sem-
inal work of Low [6], this QI between the main reso-
nant channel and other non-resonant channels leads to an
asymmetry of the line profile, which restricts the use of
standard Lorentz line profile for representing the line pro-
file with accuracy. Otherwise, these asymmetries induces
shifts that depend on the relative distance between neigh-
borhood resonances and respective linewidths. Although
these shifts were often negligible [6], there has been some
attention paid by the high-precision spectroscopy com-
munity of neutral atomic systems. With the current
level of accuracy achieved in such high-precision exper-
iments, a careful analysis of QI contribution is manda-
tory. Therefore, several calculations of QI shifts have
been made for current high-precision laser and microwave
spectroscopy of fine and hyperfine structure in many
atomic systems. Investigations of QI shifts performed
in hydrogen transition 1s− 2s [7–10], cesium [11], ytter-
bium [12] and muonic atoms hyperfine structures [13, 14]
found a negligible QI contribution with the respective
experimental accuracy. However, it is important to no-
tice that investigations with hydrogen transition 1s− 3s
[10, 15, 16], the helium fine structure [17–22] and lithium
hyperfine structure [23, 24] found that QI contribution
was the cause of discrepancy between data and predic-
tions. Moreover, recent investigations [14, 24] have shown
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FIG. 1: (Color online) 2s and 2p hyperfine structure for
209Bi80+. Allowed electric dipole resonances are shown for
initial 2sFi=41/2 states.
TABLE I: Values of excitation energies of 2p3/2 (∆E2p3/2)
[27], magnetic-dipole hyperfine splittings A [25, 26], as well
as the linewidth Γ [27] for 141Pr56+, 165Ho64+, 207Pb79+ and
209Bi80+. Values in meV are given in the rest frame.
141Pr56+ 165Ho64+ 207Pb79+ 209Bi80+
∆E2p3/2 6.841×105 1.124×106 2.649×106 2.795×106
A2s1/2 8.260×101 1.350×102 7.858×101 3.589×102a
A2p3/2 10.68×101 15.73×101 4.308×100 3.107×101
Γ2p3/2 5.825×10−1 1.936×100 1.605×101 1.881×101
aObtained from the measured hyperfine splitting in Ref. [5].
a clear dependency between the QI shift and the angular
and polarization conditions of measurement, which can
be employed for minimization, and even removal, of QI
shifts in laser spectroscopy.
Hyperfine splittings in isotopes of lithiumlike HCIs
ranges from few tens to hundreds of meV [25, 26] for
both 2pF1/2 and 2p
F
3/2 states along all the isoelectronic
Z sequence (F is the total angular momentum). Since
the linewidths Γ of 2pF1/2 are always lower than tens of
µeV [27] for all lithiumlike HCIs, it is expected that QI
plays a small role. According to the rule-of-thumb for
distant resonances (QI∼ Γ2/4∆ with ∆ being the energy
difference between two resonances) [17], typical QI shifts
for 2pF1/2 states are roughly 0.02% of Γ. On the other
hand, linewidths of 2pF3/2 states increase according to Z
4
along the isoelectronic sequence, which can reach tens
of meV for heavier ions, such as 207Pb+79 and 209Bi+80
(cp. Fig. 1). A careful analysis of the QI shifts is thus
required.
The aim of this investigation is to extend the treat-
ment of the QI shift, recently performed in muonic sys-
tems [13, 14], to lithiumlike HCIs. To the best of our
knowledge, a relativistic and full-multipole framework is
implemented for the first time. In view of the possibil-
ity of laser spectroscopy of the 2s1/2 → 2p3/2 transition
lithiumlike HCI [1], we calculate the respective QI shifts
transitions in lithiumlike ions with hyperfine structure
for the selected isotopes of 141Pr56+, 185Re+72, 207Pb79+
and 209Bi80+. The respective magnetic dipole splittings
A in rest frame of the hyperfine states that is considered
in this work was taken from QED calculations performed
in Refs. [25, 26] and are given in Tables I and shown for
209Bi80+ in Fig. 1. The linewidths and excitation en-
ergies listed in Table I were taken from Ref. [27]. The
theoretical formalism used here for evaluation of the QI
shifts can be traced back to recent works published in
Refs. [13, 14, 24, 28].
Atomic units are used throughout the article unless
stated otherwise.
II. THEORY
Laser spectroscopy is often modeled by the physical
process of resonant photon scattering [13, 14, 16, 24].
Here we consider the excitation of the 2s → 2p tran-
sition by linearly polarized radiation and the detection
of the 2p → 2s fluorescence decay by polarization in-
sensitive detectors. This process is often described in
the relativistic framework of the S-matrix theory [28, 29]
by the following second-order general amplitude (velocity
gauge) [28, 29],
Mk1ε1,k2ε2i→f (mi,mf ) =∑
ν
[
〈f | Rˆ†(k2, ε2) |ν〉 〈ν| Rˆ(k1, ε1) |i〉
ωνi − ω1 − iΓν/2
]
, (1)
Here, |i〉, |ν〉 and |f〉 are the initial, intermediate and fi-
nal hyperfine states of the lithiumlike ion with a closed
1s shell. Each state has a well-defined total angular mo-
mentum, F , projection along the z axis, m, and total
atomic angular momentum J of the uncoupled electron
in the n = 2 shell that participates in the transitions.
ωνi = Eν −Ei is the transition energy, or resonance, be-
tween the intermediate |ν〉 and initial |i〉 states. We con-
sider here only transitions of the active electron, which
reduces the calculation of the overall 3-electron wave-
function to a single hydrogenic case. The region of inci-
dent photon energies studied in this work comprises the
near-resonant region of the 2s−2p excitation, which val-
idates the restriction of the summation in Eq. (1) to only
ν ≡ 2pFνJν intermediate states. Furthermore, the transi-
tion operator Rˆ in Eq. (1) describes relativistic interac-
tion between the active electron and the incident (scat-
tered) photon with propagation vector kγ , polarization
εγ and energy ωγ , which can be written as
Rˆ(kγ , γ) = α · εγeikγ · r (γ = 1, 2) . (2)
3Here, the α and r denote the Dirac vector matrices and
the vector position for the electron. The adjoint super-
script in Eq. (1) for Rˆ† specifies the case of photon decay,
while its absence addresses to a photon excitation case.
As in previous works [13, 14], we adopted the exper-
imental setting of a linearly polarized incident photon
with nonobservation of the scattered photonic polariza-
tion. With this setting, a polarization angle χ of the
incident photon and a scattering angle θ are sufficient for
describing the angular distribution of the scattering pro-
cess [13]. The corresponding differential cross section of
the amplitude in Eq. (1) with this experimental setting
is given by [29]
dσ
dΩ
(ω, θ, χ) =
1
(2Fi + 1)
×∑
mi, Ff
mf , Jf
ε2
∣∣∣Mk1ε1,k2ε2i→f (mi,mf )∣∣∣2 , (3)
where ω ≡ ω1 correspond to the energy of both incident
and fluorescence photons.
Further simplification of the second-order amplitude
(1) can be achieved by considering a spherical tensor de-
composition, also known as a multipole expansion, of the
transition operator (2). For the absorption of a photon
with direction kˆγ , such a decomposition reads [29, 30],
α · εγeikγ · r =
∑
LMλ
[
εγ ·Y ∗(λ)LM (kˆγ)
] [
a
(λ)
LM (rˆ)
]
, (4)
where for electric (λ = 1) and magnetic (λ = 0) con-
tributions, the Y
(λ)
LM (kˆγ) are related to the vector spher-
ical harmonic according to Y
(0)
LM (kˆγ) = YLLM (kˆγ) and
Y
(1)
LM (kˆγ) = −ikˆ × Y (0)LM (kˆγ), respectively [30]. Each
multipole a
(λ)
LM (rˆ) has an angular momentum L, angu-
lar momentum projection M , and parity (−1)L+1+λ and
explicit forms of these terms can be found in Ref. [30].
The first multipole of this expansion with λ = 1 and
L = 1 is the often dominant electric dipole multipole
(E1). The matrix elements of these multipole compo-
nents 〈f |α · a(λ)∗LM (rˆ)|i〉 are given in the Appendix.
For the purpose of investigating QI effects, the differential cross section (3) can be rearranged in terms of Lorentezian
terms ΛFiFνJiJν associated with the incoherent part of the summation, as well as cross terms Ξ
FiFνFν′
JiJνJν′
that contains the
remained interference terms for a complete coherent summation. The result of this procedure (details can be found
in Appendix) is given by
dσ
dΩ
(ω, θ, χ) =
α4ω4S41s2p3/2
(2Fi + 1)
∑
Fν ,Jν
ΛFiFνJiJν (θ, χ, ω)
(ωνi − ω)2 + (Γν/2)2 +
∑
(F ′ν ,J′ν)>(Fν ,Jν)
Ξ
FiFνFν′
JiJνJν′
(θ, χ, ω)
(ωνi − ω)(ων′i − ω) + ΓνΓν′/4
 . (5)
The obtained expressions of the Lorentzian terms ΛFiFνJiJν (θ, χ, ω), and cross terms Ξ
FiFνFν′
JiJνJν′
(θ, χ, ω) are given by
ΛFiFνJiJν (θ, χ, ω) =
∑
mi,Ff ,mf ,Jf ,ε2
∣∣∣ΩFiFνFfJiJνJf (θ, χ, ω, ε2)∣∣∣2 , (6)
Ξ
FiFνFν′
JiJνJν′
(θ, χ, ω) = 2Re
 ∑
mi, Ff
mf , Jf , ε2
Ω
FiFνFf
JiJνJf
(θ, χ, ω, ε2)Ω
FiF
′
νFf
JiJ′νJf
(θ, χ, ω, ε2)
∗
 , (7)
with the quantity Ω
FiFνFf
JiJνJf
(θ, χ, ω, ε2) being equal to
Ω
FiFνFf
JiJνJf
(θ, χ, ω, ε2) =
∑
L1λ1L2λ2
(−1)λ2+λ1 [Jν , Fν ]
√
[Ff , Fi, Jf , Ji]
(
Jf L2 Jν
1/2 0 −1/2
)(
Ji L1 Jv
1/2 0 −1/2
)
{
Ff L2 Fν
Jν I Jf
}{
Fi L1 Fv
Jv I Ji
}
Θλ1,λ2L1L2
Mλ2L21s2p3/2M
λ1L1
1s2p3/2
α2ω2S21s2p3/2
. (8)
The notation [j1, j2, ...] is equal to (2j1+1)(2j2+1)... All
dependencies of the incident polarization and geometri-
cal settings can be traced back to the quantity Ω
FiFνFf
JiJνJf
.
In particular, Ω
FiFνFf
JiJνJf
contains the complete summation
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FIG. 2: (Color online) Cross term Ξ4,1,21/2,3/2,3/2(pi/2, χ) cal-
culated for the lithiumlike isoelectronic sequence of ions with
nuclear spin I = 1/2.
over the allowed multipoles, each one defined by λγLγ ,
and all multipole dependencies over θ and χ. This expres-
sion follows the nomenclature as a similar nonrelativistic
expression obtained in previous works [13, 14]. This com-
plete form includes not only the multipole summation,
but also the relativistic contributions that are all con-
tained in the radial relativistic overlaps Mλ,Lfi . Explicit
expressions of Mλ,L1s2p3/2 , S1s2p3/2 and Θ
λ1,λ2
L1L2
are given in
the Appendix. There, it is also shown that Ω
FiFνFf
JiJνJf
(8)
with both nonrelativistic and long wavelength approxi-
mations, as well as by restricting to electric dipole term
is equal to Eq. (A7) of Ref. [13].
III. RESULTS AND DISCUSSION
A. Relativistic interference term
As seen from formula (5), the computation of the
scattering amplitudes requires knowledge about the
Lorentzian terms (6) as well as the cross terms (7). While
QI induced shifts for some lithiumlike ions will be pre-
sented and discussed later in Sec. III B, here we will in-
vestigate the effects of relativity and nondipole terms to
the cross terms (7), which contain the polarization and
angular properties of the QI shifts. As shown in the Ap-
pendix, the cross terms (7), depend only on the angular
properties of the transition in a nonrelativistic limit and
with only the E1 term. With inclusion of relativity and
nondipole terms, the relativistic cross terms will have fur-
ther dependencies on ω. Nevertheless, Ξ
FiFνFν′
JiJνJν′
remains
independent of the relative difference between resonances
and linewiths that are particular to a given atomic sys-
tem. Therefore, to investigate multipole and relativistic
effects to Ξ
FiFνFν′
JiJνJν′
, we can consider the isoelectronic se-
quence of lithiumlike isotopes, all having the same hypo-
thetical nuclear spin, which may not be stable isotopes.
Figure 2 contains the values of Ξ
FiFνFν′
JiJνJν′
for the transition
2s→ 2p3/2 → 2s and for this isoelectronic sequence and
having an hypothetical nuclear spin I = 1/2 (not stable
isotopes). For lower-Z isotopes the dependency over χ
follows the nonrelativistic limit of Ξ
FiFνFν′
JiJνJν′
∝ P2(cosχ)
(P2(x) is the second order Legendre polynomial) [24].
With increasing values of Z, and thus, with the increase
of ω, the term Ξ
FiFνFν′
JiJνJν′
deviates from the nonrelativistic
case by decreasing its absolute value. The proportional-
ity to P2(cosχ) is nevertheless present even in the rela-
tivistic case of uranium lithiumlike ions. The condition
of vanishing the QI shifts for χ′ = arccos 1/
√
3 thus re-
mains valid for these atomic systems. A close inspection
of the individual multipoles shows that the biggest rel-
ativistic contribution comes from the complete form of
the electric dipole term that contains retardation effects.
These effects, are only present in the radial overlaps MλLfi
and thus do not influence the angular and polarization
properties of the electric dipole term of Ω
FiFνFf
JiJνJf
. The
next allowed multipole is a magnetic quadrupole term
(E2) and its contribution by comparison to the allowed
electric dipole is roughly 0.1%. Therefore, no significant
difference is expected with respect to the angular and po-
larization properties as obtained from the nonrelativistic
case.
B. QI shifts in lithiumlike ions
Figure 3 displays the differential cross section (5) for
the 2s → 2p3/2 → 1s hyperfine resonance structure of
209Bi+80, including the full coherent sum (5) and having
the summation restricted to just the Lorentzian terms,
i.e. neglecting the cross terms. Both nonrelativistic and
relativistic cases are also shown for comparison. In the
same manner as Ξ
FiFνFν′
JiJνJν′
, the contribution of relativity
to the cross section decreases by 35%, as can be observed
in Fig. 3. From the figure one may observe that in this set
of resonances, QI’s are noticeable due to the resonances
having energy gaps similar to the linewidth.
As it is observed, the influence of QI is more noticeable
in regions between resonances, where no dominant exci-
tation channels exist. Close to resonances, the influence
of QI is equivalent to shifting the peak position. These
shifts were determined by fitting a profile generated from
Eq. (5) with a sum of Lorentzians. Notice that if the
interference terms (7) were null, such fit would render al-
most zero shifts (within numerical accuracy). The shifts
normalized to Γν are given in Table II for a set of stable
isotopes and for the 2p3/2 resonances. With few excep-
tions, all shifts are within 3%. The cases of 207Pb+79
2pF=13/2 and
209Bi+80 2pF=53/2 contains shifts up to 10% of
5TABLE II: Shift of the line center due to QI contribution for
141Pr+56, 165Ho+64, 207Pb+79 and 209Bi+80 for the vertical
(δ⊥QI) and horizontal (δ
‖
QI) polarization cases (χ = 90
◦and χ =
0◦). i and ν stand for the initial and main resonant state,
respectively. Values of δ relative to Γ are given in percentage.
I i ν δ¯
‖
QI (%) δ¯
⊥
QI (%)
141Pr+56 5
2
2sFi=21/2 2p
F=1
3/2 1.3 −0.7
2pF=23/2 0.1 0.0
2pF=33/2 −1.3 0.7
2sFi=31/2 2p
F=2
3/2 0.3 −0.1
2pF=33/2 1.6 −0.7
2pF=43/2 −0.8 0.3
165Ho+64 7
2
2sFi=31/2 2p
F=2
3/2 3.1 −1.5
2pF=33/2 −1.0 0.3
2pF=43/2 −2.9 1.6
2sFi=41/2 2p
F=3
3/2 1.0 −0.7
2pF=43/2 3.7 −1.5
2pF=53/2 −2.1 0.8
207Pb+79 1
2
2sFi=11/2 2p
F=1
3/2 9.8 −3.0
2pF=23/2 −2.6 0.9
209Bi+80 9
2
2sFi=41/2 2p
F=3
3/2 5.1 −2.0
2pF=43/2 −3.6 1.0
2pF=53/2 −7.1 3.1
2sFi=51/2 2p
F=4
3/2 2.5 1.0
2pF=53/2 11.1 −3.1
2pF=63/2 −6.4 2.5
the linewidth due to the contribution of a more dominant
resonance nearby.
IV. CONCLUSION
We performed a theoretical investigation of the quan-
tum interference for the hyperfine structure of highly
charged isotopes, measurable by laser spectroscopy. Full
relativistic and multipole frameworks are employed here.
While multipole contribution was quantified to be negli-
gible, retardation effects to the electric dipole term con-
tributes to a reduction of the cross section by 35%. More-
over, we verify that the polarization and geometrical de-
pendencies of quantum interference remains unaffected
by inclusion of relativity and nondipole terms.
We quantified the effect of quantum interference on
the line center of several resonances of a few selected
highly charged isotopes and observed systematic shifts
up to 10% if such resonances were to be fitted by regular
Lorentzian profiles.
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FIG. 3: (Color online) Differential cross-section (5) for
2sFi=41/2 → 2p3/2 → 1s hyperfine resonance structure of
209Bi+80 with θ = 900 and χ = 90o. Solid and dashed lines
corresponds to the intensity with the evaluation of Eq. (5)
with the nonrelativistic and dipole limits, while the dashed-
point and point lines addresses the full relativistic and higher-
multipole evaluation of Eq. 5. In both cases, the coherent
sum corresponds to the full evaluation of Eq. (5), while the
incoherent sum sets the interference terms (7) to zero. ωL is
the energy of the incident photon set to fractions of eV by a
relativistic factor τ .
Appendix: Hyperfine multipole matrix elements
One photon multipole matrix elements have been eval-
uated several times in the literature [31–33], therefore we
give only a brief description of the expressions employed
in this work. The relativistic multipole matrix elements
〈f |α ·a(λ)∗LM (rˆ)|i〉, which are obtained after the inclusion
of the spherical multipole expansion (4) in Eq. (1), can
be simplified with the use of the Wigner-Eckart theorem
[34] and by considering the overall atomic state being
the product coupling of the nucleus and electron angular
momenta, given by
|βFm〉 =
∑
mImJ
〈JmJImI |Fm〉 |ImI〉 |βJmJ〉 . (A.1)
The quantities 〈j1mj1j2mj2 |j3mj3〉 are standard Clebsch-
Gordan coefficients. After additional angular momentum
algebra [34], the atomic multipole matrix elements are
explicitly given by (velocity gauge)
〈f |α ·a(λ)∗LM (rˆ)|i〉 = (A.2)
(−1)Ff+I+Fi+2Jf+λ−mf−1/2
√
4pi [Ff , Fi, Jf , Ji]
[L]
×(
Ff L Fi
−mf M mi
){
Ji I Fi
Ff L Jf
}
×(
Jf L Ji
1/2 0 −1/2
)
MλLfi . (A.3)
where the notation [j1, j2, ...] is equal to (2j1 + 1)(2j2 +
1)... . The relativistic radial overlaps MλLfi (λ = 0, 1)
have the following expressions,
6TABLE III: Values of the coefficients a0, a2, b0 and b2 corresponding to the parameterizations, Λ
FiFν
JiJν
(θ, χ) = a0 + a2P2(cos γ)
and Ξ
FiFνFν′
JiJνJν′
(θ, χ) = b0 + b2P2(cos γ) for
207Pb79+ with Fi = 0 and for
209Bi80+ with Fi = 4. Values are listed for both
nonrelativistic (NR) and relativistic case (R). The NR values are exact and the parenthesis represents a repeating decimal.
Fν Jν Fν′ Jν′ a
NR
0 a
NR
2 b
NR
2 a
R
0 a
R
2 b
R
0 b
R
2
207Pb79+ 1 1/2 1 3/2 2.7(7)× 10−2 0 -2.7(7)× 10−2 1.25×10−2 0 0 -1.69×10−2
1 3/2 1 1/2 5.5(5)× 10−2 -2.7(7)× 10−2 -2.7(7)× 10−2 2.40×10−2 -2.08×10−2 0 -1.55×10−2
209Bi80+ 3 3/2 4 1/2 1.75×100 -7.291(6)×10−2 -1.05×10−1 1.30×100 -5.47×10−2 -3.61×10−5 -5.75×10−2
3 3/2 4 3/2 - - -2.8875×10−1 - - -4.28×10−4 -2.17×10−1
3 3/2 5 1/2 - - -7.7×10−1 - - 1.13×10−4 -4.22×10−1
3 3/2 5 3/2 - - -5.1(3)×10−1 - - -4.15×10−4 -3.85×10−1
4 1/2 3 3/2 6.0×10−1 0 -1.05×10−1 2.91×10−1 0 -2.81×10−7 -6.34×10−2
4 1/2 4 3/2 - - -2.31×10−1 - - -3.61×10−7 -1.39×10−1
4 1/2 5 3/2 - - -2.64×10−1 - - 5.05×10−7 -1.59×10−1
4 3/2 3 3/2 1.65×100 -4.0425×10−1 -0.28875 1.23×100 -3.04×10−1 -4.28×10−4 -2.17×10−1
4 3/2 4 1/2 - - -2.31×10−1 - - -4.64×10−5 -1.26×10−1
4 3/2 5 1/2 - - -5.94×10−1 - - 2.79×10−4 -3.26×10−1
4 3/2 5 3/2 - - -1.32×10−1 - - 1.29×10−4 -9.93×10−2
5 1/2 3 3/2 1.65×100 0 -7.7×10−1 7.99×10−1 0 8.86×10−7 -4.65×10−1
5 1/2 4 3/2 - - -5.94×10−1 - - 2.18×10−6 -3.59×10−1
5 1/2 5 3/2 - - -2.86×10−1 - - 3.29×10−6 -1.73×10−1
5 3/2 3 3/2 1.1×100 9.5(3)×10−2 - 8.20×10−1 7.20×10−2 - -
5 3/2 4 1/2 - - -2.64×10−1 - - 6.48×10−5 -1.45×10−1
5 3/2 4 3/2 - - - - - - -
5 3/2 5 1/2 - - -2.86×10−1 - - 4.22×10−4 -1.57×10−1
M1Lfi =
(
L
L+ 1
)1/2 [
(κf − κi) I+L+1 + (L+ 1) I−L+1
]
−
(
L+ 1
L
)1/2 [
(κf − κi) I+L−1 − LI−L−1
]
,
(A.4)
and
M0Lfi =
2L+ 1
[L (L+ 1)]
1/2
(κf + κi) I
+
L , (A.5)
for both electric (λ = 1) and magnetic type
contributions (λ = 1), respectively, with I±L =∫∞
0
(PfQi ± PiQf ) jL
(
ωr
c
)
dr. Here, P and Q stands
for the large and small components of the radial Dirac
wave function with relativistic angular momentum κ, and
jL(x) is the spherical Bessel function of first kind. In case
of long wavelength approximation (ωr/c ' 0) this func-
tion approximates to jL(ωr/c) ' (ωr/c)L/[L]!!, which
simplifies the electric dipole radial overlap between states
2p3/2 and 1s to M
11
1s2p3/2
' −√2(I+0 −I−0 ). Moreover, by
only considering the term of order 1/c of Q and the com-
mutator
[
d2
2dr2 , r
]
= ddr , the quantity M
11
1s2p3/2
further
simplifies to
M111s2p3/2 ' −αω
√
2
∫ ∞
0
P1sP2p3/2rdr = −αω
√
2Sνi .
(A.6)
After inserting the matrix elements (A.3) into Eq. (3) and
rearranging the terms we get Eq. (8), where the remained
angular term Θλ1,λ2L1L2 is given by
Θλ1,λ2L1L2 =
4pi√
[L2, L1]
∑
M1M2
∑
mν
(−1)mν+mf+1 ×(
Ff L2 Fv
−mf M2 mν
)(
Fi L1 Fv
−mi M1 mν
)
×[
ε2 ·Y (λ2)L2M2(kˆ2)
] [
ε1 ·Y ∗(λ1)L1M1 (kˆ1)
]
. (A.7)
We use here the standard normalization of the spherical
harmonics (Y00(θ, φ) =
1
2
√
pi
), therefore for the electric
dipole term (L = 1, λ = 1) we found that
ε ·Y (1)∗1M = (−1)M
1√
2
√
3
4pi
ε(−M) , (A.8)
where ε(−M) are the spherical form of the (normalized)
polarization vector. By considering previous result (A.8)
the quantity Θλ1,λ2L1L2 is half of Eq. (A8) in [13]. With
Eqs. (A.6) and (A.8), the quantity Ω
FiFνFf
JiJνJf
(θ, χ, ε2) ap-
proximates to Eq. (A7) of [13].
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